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SupposeG is a graphandλ1, λ2, . . . , λn are theeigenvaluesofG. The
Estrada index EE(G) of G is defined as the sum of eλi , 1  i  n. In
this paper some newupper bounds for the Estrada index of bipartite
graphs are presented. We apply our result on a (4, 6)-fullerene to
improve our bound given in an earlier paper.
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1. Introduction
In this paper, the word graph refers to a finite, undirected graph without loops and multiple edges.
Let G be a graph and {v1, . . . , vn} be the set of all vertices of G. The adjacency matrix of G is a 0, 1-
matrix A(G) = [aij], where aij is the number of edges connecting vi and vj . The spectrum of G is the
set of eigenvalues of A(G), together with their multiplicities. It is a well-known fact in algebraic graph
theory that a graph of order n has exactly n real eigenvaluesλ1  λ2  · · ·  λn. The basic properties
of graph eigenvalues can be found in the famous book of Cvetkovic et al. [3].
TheEstrada indexEE(G)of a graphG is definedas the sumof eλi , 1  i  n. This quantity introduced
by Ernesto Estrada [5]. This is a graph invariant which has noteworthy chemical applications [6,7,9,12,
13,15]. For mathematical properties of this spectral graph invariant we refer to [1,2,8,10,11,14,17,19].
The Zagreb group indices of G are one of the oldest topological indices defined as
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Zg1(G) =
n∑
i=1
d2i and Zg2(G) =
∑
vivj∈E(G)
didj,
where di is the degree of the ith vertex of G [16].
Throughout this paper our notation is standard and can be taken from the standard books on graph
theory [3]. A bipartite graph is a graph whose vertices can be divided into two disjoint sets U and V
such that every edge connects a vertex in U to one in V . Equivalently, a bipartite graph is a graph that
does not contain any odd-length cycles. A walk is a sequence of graph vertices and graph edges such
that the graph vertices and graph edges are adjacent. A closed walk is a walk in which the first and
the last vertices are the same. Finally, for a real number x, [x] denotes the greatest integer x and the
number of zero eigenvalues of a graph G is denoted by n0(G).
2. Preliminaries
The aim of this section is to introduce our main tools for proving the main results of this paper.
Suppose G is a graph. We will use a connection between EE(G) and the spectral moments of G. Here,
the kth spectral moment of G, Mk(G), is defined as Mk(G) = ∑ni=1 λki , where k  0. By a result in
algebraic graph theory if G has exactly m edges and t triangles, A(G) = [aij] and Ak(G) = [bij] then
the number of walks from u to v with length k is buv.
The following lemma is crucial throughout the paper.
Lemma 2.1. Let G be a graph. Then Mk(G) represents the number of closed walks of length k in G. In
particular, M2(G) = 2m andM4(G) = 2Zg1(G)− 2m+ 8q(G), where q(G) is the number of quadrangles
in G. Moreover, if G is bipartite then M2k−1(G) = 0, for each positive integer k.
From the Taylor expansion of ex , the Estrada index and the spectral moments of G are related by
EE(G) = ∑
k0
Mk(G)
k! . (1)
The following simple lemma is crucial throughout the paper.
Lemma 2.2. Suppose k is a positive integer, c is a constant and f (x1, x2, ..., xn) = ∑ni=1 xki . Then the
maximum of f on n-disk
∑n
i=1 x2i  c is n
(√
c
n
)k
.
Proof. By Lagrange multipliers method, there exists λ such that ∂ f
∂xi
= λ∂x2i
∂xi
. By solving this simple
equation, we have kx
k−1
i = λ(2xi) and so xk−2i = 2λk or xi = 0. Therefore,
x1 = x2 = · · · = xn =
(
2λ
k
) 1
k−2
.
Apply our boundary condition
∑n
i=1 x2i  c to prove x21 = · · · = x2n  cn , which implies that
f  n(
√
c
n
)k . 
Corollary 2.3. If G is an n-vertex graph with n0 zero eigenvalues then Mk  (n − n0)
(√
2m
n−n0
)k
.
Proof. Suppose f = ∑ni=1 λki and notice that∑ni=1 λ2i = 2m. So, by substituting c = 2m, we conclude
the result. 
Corollary 2.4. EE(G)  n0 + (n − n0)e
√
2m
n−n0 .
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Proof. By definition of spectral moment,
EE(G) = n + ∑
k>0
Mk
k!  n +
∑
k>0
(n − n0)
(√
2m
n−n0
)k
k! = n0 + (n − n0)e
√
2m
n−n0 ,
proving the result. 
3. Main results and discussion
In [14], the authors presented a lower bound for the Estrada index of bipartite graphs. So, it is natural
to ask about upper bounds of n-vertex bipartite graphs under Estrada index. The aim of this section is
to find such an upper bound. As an application, the main result of [1] for estimating Estrada index of
(4, 6)-fullerenes, Fig. 1, is improved.
Theorem 3.1. Suppose G is an n-vertex bipartite graph with eigenvalues λ1, λ2, . . . , λn. Then there are
real constants ci between 0 and λi such that:
EE(G) = 24n + 22m + Zg1(G) + 8q(G)
24
+ ∑
λi =0
eciλ6i
720
,
where q = q(G) is the number of quadrangles. In particular,
EE(G)  24n + 22m + Zg1(G) + 8q(G)
24
+ 8m
3
90(n − n0)2 e
√
2m
n−n0 .
Proof. Since G is bipartite, there is no closed walk of odd length. ThusM2k−1(G) = ∑ni=1 λ2k−1i = 0,
for 1 k [ n+1
2
]. Therefore, there are constants ci, 1 i n, such that 0 ci λi and
EE(G) = n+m+M4(G)
24
+∑λi =0 eciλ6i720 .On theotherhand, byCauchy–Schwarz inequality∑λi =0 eciλ6i √∑
λi =0 e2ci
∑
λi =0 λ12i . ByCorollary2.3and this fact that
∑n
i=1 c2i  2m,M12(G) (n−n0)
(√
2m
n−n0
)12
and
∑n
i=1 e2ci  (n−n0)e
2
√
2m
n−n0 . Therefore,
∑n
i=1 eciλ6i  (n−n0)e
√
2m
n−n0
(√
2m
n−n0
)6
. This implies that
EE(G)  n + m + Zg1(G) − 2m + 8q(G)
24
+ n − n0
720
e
√
2m
n−n0
(√
2m
n − n0
)6
and so,
EE(G)  24n + 22m + Zg1(G) + 8q(G)
24
+ n − n0
720
e
√
2m
n−n0
(√
2m
n − n0
)6
.
This completes the proof. 
In [18] the authors presented some upper bounds for the Estrada index of bipartite graphs. The
bounds of Theorem 3.1 is obviously very better those are given by Liu and Liu in the mentioned paper.
Suppose G and H are graphs with disjoint vertex sets. Following Došlic´ [4], for given vertices y ∈
V(G) and z ∈ V(H) a splice of G and H by vertices y and z, (G · H)(y, z), is defined by identifying the
vertices y and z in the union of G and H.
Lemma 3.2. Suppose G is a bipartite r-regular graph containing q = q(G) quadrangles and h = h(G)
hexagons. Then M6(G) = 2nr − 6nr2 + 5nr3 − 48q + 48qr + 12h.
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Proof. Every closed walk of length 6 in G is constructed from one edge, a path of length 2, a path
of length 3, a star S4, a hexagon, a quadrangle or a splice of a quadrangle and an edge. By a simple
counting procedure, it is not difficult to prove the number of such closed walks are 2m = nr,
6nr(r − 1), 3nr(r − 1)2, 12n
(
r
3
)
= 2nr(r − 1)(r − 2), 12h, 48q or 48q(r − 2), respectively. Thus,
M6(G) = 2nr − 6nr2 + 5nr3 − 48q + 48qr + 12h, as desired. 
Corollary 3.3. With notation of Lemma 3.2, there are constants ci, 1  i  n, such that EE(G) =
1
360
nr + 1
30
nr2 + 1
144
nr3 + 4
15
q + 1
15
qr + 1
60
h + n + 11
24
nr + ∑ni=1 eciλ8i8! . In particular, EE(G) 
1
360
nr + 1
30
nr2 + 1
144
nr3 + 4
15
q + 1
15
qr + 1
60
h + n + 11
24
nr + n−n0
8! e
√
nr
n−n0
(√
nr
n−n0
)8
.
Proof. From elementary calculus, EE(G) = n+ 2m
2! + M44! + M66! +
∑
λi =0
eciλ8i
8! , where ci’s are constants.
By Cauchy–Schwarz inequality,∑
λi =0
eciλ8i 
√∑
λi =0
e2ci
∑
λi =0
λ16i .
It is now easily seen that
∑
λi =0
eciλ8i  (n − n0)e
√
nr
n−n0
(√
nr
n − n0
)8
.
Therefore, by Lemma 3.2 EE(G)  1
360
nr + 1
30
nr2 + 1
144
nr3 + 4
15
q + 1
15
qr + 1
60
h + n + 11
24
nr +
n−n0
8! e
√
nr
n−n0
(√
nr
n−n0
)8
. 
Theorem 3.4. Suppose G is a bipartite r-regular graph without quadrangles with a common vertex. Then
M8(G) = 8r + 1056q + 16o − 800h − 13nr + 16nr2 + 4r2 − 8nr3 + 6nr4 + 448hr + 208qr2 −
816qr − 20r3 + 8r4, where o = o(G) is the number of octagons in G.
Proof. Every closed walk of length 8 in G is constructed from one edge, a path of length 2, a path of
length 3, a path of length 4, a star S4, splice of a star S4 andK2 by identifying a pendant of S4 and a vertex
of K2, a star S5, a quadrangle, splice of a quadrangle by K2, splice of a quadrangle and a path of length 2
by identifying the vertex of degree 2 in the path and one vertex of quadrangle, splice of K2 and a graph
constructed from the splice of a quadrangle and K2 such that two new vertices of degree 3 are adjacent,
splice of K2 and a graph constructed from the splice of a quadrangle and K2 such that two new vertices
of degree 3 are not adjacent, splice of a quadrangle and a path of length 2 by identifying a pendant of
the path and one vertex in quadrangle, a hexagon, splice of a hexagon by K2, an octagon. By a counting
procedure, it is not difficult to prove the number of such closed walks are 2m = nr, 14nr(r − 1),
16nr(r−1)2, [4nr(r−1)3−8q], 72n
(
r
3
)
, 48n
(
r
3
)
(r−1), 48n
(
r
4
)
, 264q, 448(r−2)q, 48(r−2)(r−3)q,
64(r − 2)2q, 32(r − 2)2q, 64(r − 1)(r − 2)q, 96h, 96(r − 2)h and 16o, respectively. Thus, M8(G) =
8r+1056q+16o−800h−13nr+16nr2+4r2−8nr3+6nr4+448hr+208qr2−816qr−20r3+8r4,
which completes the proof. 
Corollary 3.5. With notation of Theorem 3.4, there are constants ci, −r  ci  r and 1  i  n, such
that EE(G) = 1
10080
r2− 1
2016
r3+ 1
5040
r4+ 6193
13440
nr+ 17
504
nr2+ 17
2520
nr3+ 1
6720
nr4+ 1
90
hr+ 13
280
qr+n+
1
5040
r + 41
140
q+ 1
2520
o− 1
315
h. In particular, EE(G)  1
10080
r2 − 1
2016
r3 + 1
5040
r4 + 6193
13440
nr + 17
504
nr2 +
17
2520
nr3 + 1
6720
nr4 + 1
90
hr + 13
280
qr + n + 1
5040
r + 41
140
q + 1
2520
o − 1
315
h + n−n0
10! e
√
nr
n−n0
(√
nr
n−n0
)10
.
A (4, 6)-fullerene graph is a planar 3-regular graphwith only C4 and C6 faces. FromEuler’s theorem,
it is straightforward to show that a (4, 6)-fullerene molecule with n atoms, Fn, has exactly 6 squares
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Fig. 1. An ISR (4, 6)-fullerene with 40 atoms.
and n/2 − 4 hexagons. An ISR (4, 6)-fullerene is one for which no two squares share an edge (ISR:
isolated square rule; see Fig. 1).
Corollary 3.6. If Fn is a (4, 6)-fullerene graph of order n then here are constants ci, −r  ci  r and
1  i  n, such that EE(G) = 13933
5040
+ 23347n
8064
+∑ni=1 eciλ1010! . In particular,
EE(G)  13933
5040
+ 23347n
8064
+ n − n0
10! e
√
3n
n−n0
(√
3n
n − n0
)10
.
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